Abstract. Asymptotic solutions are presented to the nonlinear parabolic reaction-diffusion equations describing a model biochemical reaction proposed by I. Prigogine. There is a uniform steady state which, for certain values of the adjustable parameters, may be unstable. When the uniform solution is slightly unstable, the two-timing method is used to find the bifurcation of new solutions of small amplitude. These may be either nonuniform steady states or time-periodic solutions, depending on the ratio of the diffusion.coefficients. When one of the parameters is allowed to depend on space and the basic state is unstable, it is found that the nonuniform steady state which is approached may show localized spatial oscillations. The localization arises out of the presence of turning points in the linearized stability equations.
1. Introduction. Under certain circumstances the usual equilibrium state of a chemical reaction may be unstable with respect to small changes in the concentrations, or to other perturbations. Experimental work ([2] , [7] , [8] ) has shown that in the subsequent development of the reaction, there may be established selfsustaining oscillations in concentration, concentration waves, or new steady states that are not uniform. These phenomena have been thought of interest because of their possible implications in the study of circadian rhythms, short-term memory, cardiac fibrillation, and morphogenesis. (The list is not exhaustive.) However, the prediction and quantitative description of any such phenomena clearly require a detailed knowledge of the reaction mechanism; this is in most cases lacking. Accordingly, it is necessary to study model reactions with known kinetics, to see whether the solutions of the rate equations exhibit any of the phenomena that are found in the laboratory. One model reaction that has received considerable attention is the reaction A + B D + E according to the sequence A-. X 2X+ Yo 3X B +X Y+D XE.
This model is due to I. Prigogine. In 2 of this paper we derive the rate equations for this reaction and report the numerical results of Herschkowitz-Kaufman and Nicolis [3] , who find that when the basic steady state of the reaction loses its stability, the resulting disturbance can show an interesting localization effect. In 3 we consider the linearized stability analysis of the basic steady state in the case that it is uniform, and in 4 we consider the bifurcation of nonuniform steady states from the uniform state. In 5 we show that the localization of the disturbance described in 2 is a result of the presence of turning points in the linearized stability equations. o-b (B 1)4) + A 0 + V", (3.8) o-0 -Bch-A2q+ODq''.
Since this system has constant coefficients, the eigenvalues and eigenfunctions (which are trigonometric sines) can be found exactly. Substitution of b,(r)=sin nTrr, $,(r)=M, sin nr (with M, to be determined) into (3.7) and (3.8) yields the homogeneous system B +A +nOD
There will be nontrivial solutions to (3.9) only if the determinant of the coecients is zero; that is, if
The eigenvalue with the greatest real part does not necessarily correspond to n 1 but depends on the parameters O and B. Thus, when the uniform solution loses its stability, the first eigenfunction of (3.4)-(3.6) that is excited is not necessarily a multiple of sin r.
It will be convenient to change the notation slightly. Associated with each value of n there will be two eigenvalues, the roots of (3.10). We call them and , according to the definition The coefficient M is given from (3.9) by (3. 12)
The curve of neutral stability (the stability boundary) of the uniform solution in the (O, B)-plane is shown in Fig. 3 where h(r, e) and k(r, e) are functions which satisfy h(r, O)= k(r, 0)= 0, h(0, e) h(1, e)= k(0, e)= k(1, e)= 0, and e is a small parameter to be specified later. Asymptotic solutions of (4.1) and (4.2) are sought which deviate from the uniform solution by O(e) when the parameter B exceeds the critical value Bc Bc(A, D, ) given by (3.14). The parameter 0 is held fixed in this procedure. The amount by which B is greater than B depends on e in manner to be determined.
The two times to be used in the perturbation calculation are the fast time t* and the slow time (B(e)-B)t. The solutions of (4.1) and (4.2) 3N" --+
2AM
The method of construction of the solution (4.6) and (4.7) shows that it is stable, since initial conditions starting near the steady state tend to it. However, if the initial conditions are such that c0) and coo) have opposite signs, then the solution does not tend to the steady state (4.6) and (4.7). Presumably (since c-) tends to infinity in finite time) it tends to a steady state having finite deviation from the uniform solution.
If/3 is slightly less than Be, so that .B'(0) is negative, it is possible to go through the same analysis as above and discover that there is a bifurcating steady state, given by (4.6) and (4.7), which is approached as =(B-Bc)t tends to +oo. This (5.4 ) that for rl < r < r2, the phase w(r) is complex so that the exponential exp iD-I/2w(r) is oscillatory in that region. For r < rl and r > r2, w ' is negative so that exp iD-/2w(r) is not oscillatory.
Thus the bifurcating steady states show spatial oscillations in the middle of the slab, but not at the edges. If B lies above (1-Amax/',/+ O(v))2, then w(r) is complex across the entire interval 0=<r_ < 1, so that the localization of the disturbance disappears.
